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Abstract
We study the spectrum of hadronic states made up of very massive complex scalar
fields in a confining gauge theory admitting a supergravity dual background. We show
that for a sub-sector of operators dual to certain spinning strings, the mass spectrum
exhibits an integrable structure equal to the Heisenberg spin chain, up to an overall
factor. This result is compared with the corresponding string prediction.
1 Introduction
Since its appearance, the gauge/string theory correspondence has provided an alterna-
tive point of view in the study of many problems in quantum field theory. In particular,
the existence of string theory backgrounds dual to confining gauge theories has allowed
a deep insight in many issues related to confinement, chiral symmetry breaking and
other important phenomena.
In this paper we will focus our attention on the study of hadronic states that are
ubiquitous in the known confining theories that have a string theory dual. The string
theory analysis exhibits a precise and universal structure for their mass spectrum, that
has been analyzed by considering some particular limit in which the string theory
becomes soluble or, more generally, studying some semiclassical string configurations
dual to the hadrons [1, 2, 3, 4]. A pure field theory derivation of this hadronic spectrum,
matching the string theory semiclassical results, would be important since it would
provide a non-trivial check of the correspondence for non-supersymmetric (i.e. non-
protected) observables. The aim of this work is to pursue such a field-theoretical study
and to show that some important features of the spectrum derived from string theory
can be indeed reproduced.
One of the key problems in all the checks of the gauge/string theory correspondence
is that the supergravity description covers the strong coupling regime of the dual field
theories. Then any perturbative field theory reproduction of supergravity results seems
to be hopeless, unless one considers only sectors protected by supersymmetry. However,
for the (conformal) AdS/CFT case, in the last years (starting from [5]) there has
been a great improvement of the understanding of the correspondence in non-BPS
sectors of the theory. In particular, in N = 4 SYM, a lot of attention has been
focused on certain (non-BPS) composite operators of the form Tr[ΦJ1A1 ...Φ
Jk
Ak
], where
ΦA are the scalars of the theory. In [6] it was shown that the one-loop matrix for
their anomalous dimension is given by an SO(6) integrable spin chain. This result
has made possible the calculation, based on spin chains and using the Bethe ansatz
techniques, of the anomalous dimensions of various such operators in the limit of a
large number J ≡ J1 + ... + Jk of constituents. The large J limit allows to organize
the anomalous dimension spectrum in an expansion in λ/J2, where λ is the ’t Hooft
coupling. The interest of this limit is that the dual objects in string theory admit a
semiclassical description. These objects correspond to spinning and/or pulsating string
solitons with large quantum numbers on the five-sphere of AdS5 × S5 [7]. A crucial
point is that the α′ sigma-model corrections to the classical string solutions seem to
be subleading at large J . Since also these classical solutions admit an expansion in
λ/J2, even if the solutions are a priori valid at large λ, in the large J limit one can try
and extrapolate the results at small λ and compare them with the field theory results,
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finding agreement.
Our aim is to figure out whether the recent developments in the conformal case
have an analog for confining gauge theories, where the correspondence is between the
physical mass of certain hadronic bound states –and their excitations– and the energy of
dual semiclassical stringy configurations. The hadrons are created by operators of the
form Tr[ΦJ1A1 ...Φ
Jk
Ak
], where now the adjoint scalar fields correspond to massive particles.
Our approach mimics in a certain sense the philosophy of [8] focusing our attention
just to the first excited states in a sub-sector with some fixed quantum numbers (for a
review of integrability in Yang-Mills theories, see [9]). This allows to find a parameter
window where the spectrum can partially fit an integrable spin chain.
Since we are talking about confining gauge theories, the situation is much more
complicated than in the even difficult conformal case, and at a first sight it could
seem impossible to obtain the spectrum of these hadrons from a standard perturbative
field theory calculation. Indeed, in the supergravity regime the dual field theory is
strongly coupled in the UV (in other words, it is not asymptotically free), the mass
of the adjoint matter is of the same order of the confining scale and any perturbative
field theory calculation breaks down. However, we can think to continously deform
the bare coupling constant until it becomes small enough. In this regime, opposite to
the one valid in supergravity, the confining theory is weakly coupled in the UV and
the mass of the adjoint scalars becomes much larger than the confining scale. We
can then consider hadronic states made up of these scalar fields. Since their mass
scale is large one can work at weak coupling and reduce the problem to a perturbative
non-relativistic quantum mechanical one [10, 11].
As we are going to show in this paper, this non-relativistic limit allows to use an ef-
fective reduced Hamiltonian characterized by a flavor dependent term which is identical
to a standard spin chain. The resulting spectrum then exhibits the typical integrable
structure obtained also from the dual supergravity picture. The only possible differ-
ence is in an overall factor, still undetermined. This is not surprising since in general
the states we are considering are not supersymmetric (even in any asymptotic sense).
Thus, the perturbative (and probably also non-perturbative) corrections as we deform
the bare coupling are expected to be relevant in both the string theory and field theory
calculations. However, our result suggests how they can be nevertheless kept under
control, obtaining a non-trivial match between the two dual descriptions.
2 The field theory setup
To be specific, we will restrict our attention to the confining theory whose supergravity
dual is known as the Witten model of YM in four dimensions [12]. We nevertheless
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expect the results to go through in other confining models in every dimension.
The starting point is a compactification of the N = 2 five-dimensional SYM theory,
which in turn may be obtained by dimensional reduction of 10d SYM on a torus. From
the dual gravity side, one starts from a stack of M5 branes in 11d compactified on a
circle to give D4 branes in 10d and hosting a 5d SYM living on them. The radius of the
circle sets the scale of the 5d YM coupling g25. The D4 branes are then compactified
on a thermal S1 imposing anti-periodic boundary conditions for the fermions. This
breaks automatically supersymmetry and provides masses to the scalars at one-loop
level. Below the thermal compactification scale the theory is effectively a 4d YM, with
massive matter in the adjoint representation.
For the 4d theory, the compactification scale gives the order of the mass of all the
fermions mF ≃ 1/R5, which sets essentially a lower bound for the KK masses. mF
plays the role of an UV cut-off, that we take very large compared to the YM scale,
ΛYM ≪ mF . The coupling at the UV scale is g2 ≃ g25mF which sets the ’t Hooft
coupling at this point as λ ≡ λ(mF ) ≃ g25mFN . The limit λ≪ 1 is then reachable for
g25 ≪ 1/(mFN).
The scalars we are interested in are massless at tree level but get masses at one
loop. The scale of this mass is m2 ≃ λm2F . In fact there appears a hierarchy of scales
ΛYM ≪ m ≪ mF because ΛYM ≃ mF e−1/λ and we are taking λ ≪ 1. Thus it is
possible to work in the non-relativistic limit at energies E ≪ m, keeping decoupled the
KK modes and being still at E ≫ ΛYM . The latter condition, together with the fact
that λ≪ 1 and that, if we are away from ΛYM , the running coupling varies very slowly,
allows to keep the latter perturbative at the scale we work, λ(E) ≪ 1. This means
that for mF sufficiently large (that is, λ sufficiently small) we can keep λ(E) ≃ λ. It
also means on the other hand that, even the theory being non supersymmetric, the
different couplings are all essentially the same, λ, the corrections being subleading.
The outcome of this discussion is that, at the energy scale given by the (one-loop
renormalized) mass m of the adjoint scalars, the resulting effective four-dimensional
theory contains only bosonic degrees of freedom given by the gauge fields Aµ and the
“light” scalars ΦA (the zero-modes of the KK scalar tower, the ones that get mass only
at loop level).
In fact, if in the reduction from five to four dimensions one does not put anti-periodic
boundary conditions for fermions, the low-energy lagrangian would be just the one for
N = 4 SYM, being all the KK modes decoupled at low-energy [12]1. In our case, on
top of this, one has the explicit mass term for the fermions, given by the anti-periodic
boundary conditions, so that also these modes “live” at high-energy and are decoupled
from the low-energy theory and so do not enter the low-energy lagrangian. Moreover,
1One can find the relevant formulas for the reduction for example in [13].
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being the supersymmetry broken, the zero-modes of the scalars are no more protected
against quantum correction to their mass, as already mentioned. As a result, the low-
energy lagrangian contains the mass term for the scalars. One may be concerned with
the fact that, having no more supersymmetry, in the low-energy regime one should have
more interaction terms for the scalars that those of N = 4 SYM. But if one works, as
we will do, at the leading order in λ and in the non-relativistic limit, all these other
terms are subleading. In fact, whatever term will be generated, it will be either higher
order in λ or suppressed in powers of 1/mF w.r.t. the bosonic N = 4 SYM interactions.
For example, other quartic terms, being generated at loops, would be subleading in λ
w.r.t. the N = 4 SYM quartic interaction of the scalars. Analogously, interactions
involving scalars and fermions at high-energy, at low-energy produce interaction terms
for the scalars that are higher orders in λ, with the only exception of the mass term,
that is order λ. This can be easily seen from the fact that the lowest order diagram
involving fermions running in loops, for external scalar states, is just the one loop
mass term correction to the scalar propagator: all other pairs of internal fermion lines,
generated by an ingoing scalar by the Yukawa coupling, that are not reconnecting to
an outgoing scalar, must be re-absorbed in more vertexes, thus including higher powers
of the coupling. Finally, higher dimension interactions will come with powers of 1/mF
and so will not be relevant in the non-relativistic limit. The only term that is generated
at loop level and that is relevant is the mass term for the scalars. We will comment
more about these points in the next sections, after discussing the hadrons we want to
study.
In the following we will study the spectrum of bound states involving only four of
the (six) scalars, transforming in a flavor SO(4) symmetry group and coming from the
dimensional reduction of the hypermultiplet living on the higher dimensional D4 or
M5-branes. Then, the effective action at the scale m can be restricted to be of the
form
S =
∫
d4x Tr
[
−1
2
DµΦAD
µΦA +
1
2
m2ΦAΦA − 1
4g2
FµνF
µν +
g2
4
[ΦA,ΦB][Φ
A,ΦB]
]
,
(1)
where as usual Dµ = ∂µ + i [Aµ, ·] and Fµν = ∂µAν − ∂νAµ + i [Aµ, Aν ]. This action is
enough for our purpose, since it contains the “light” fields and their leading interaction
terms in λ and 1/mF .
In the next section we will further discuss the validity of the above action for the
calculation we are interested in, that considers only hadrons generated by operators
of the symbolic form Tr[ZJ1W J2], where we have introduced the complex scalars Z =
Φ1+ iΦ2 and W = Φ3+ iΦ4; in other words, we restrict ourselves to the SU(2) sector.
Let us now pause for a moment and clarify a bit the procedure we are going to
follow for our calculation. Our goal is to compute the flavor dependent part of the
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mass spectrum of hadrons created by the operators Tr[ZJ1W J2], at leading order in
the coupling λ and in a particular regime of parameters. That is, we are going to
work at energies E ≪ m, where the theory is non-relativistic and the problem become
manageable. In fact, at leading order in the small coupling λ all that is needed is just
the potential given by the non-relativistic limit of the tree level interaction terms in the
effective lagrangian (1). This is a completely standard procedure, employed for example
in [10] in the discussion of the baryons in the large N limit, or in phenomenological
description of heavy quarkonium, see for example [11].
The procedure is distinct from the ways the spin chain is derived in [6] and following
literature. There, one is concerned with the one-loop matrix of anomalous dimensions
(in conformal theories) of the operators Tr[ZJ1W J2]. At one loop, one has contributions
from gluon exchange, scalar interactions and self-energy diagrams, that combine to give
the spin chain. Instead, here the aim is to calculate a mass spectrum in a confining
theory, reducing the problem to a quantum mechanical one, calculating the potential
at tree level. Once we have identified the effective Lagrangian (1), there are no further
one-loop effects to take into account. All we have to do is write down the relevant
non-relativistic Hamiltonian, computing the tree level interaction terms for the scalars
and taking the non-relativistic limit. Remarkably, even if the problem addressed here
is conceptually and a priori quite different from the one considered in [6], we will see
how the same spin-chain structure emerges also in the present context.
As we have discussed, in the field theory regime (as opposite to the supergravity
one) at energies E ≪ m the dynamics can be approximated by a non-relativistic
Schro¨dinger equation. The only two dynamical contributions at tree level that will be
relevant are the exchange of a gluon between two nearest scalars and a vertex of four
scalars. The former yields the Coulomb potential. Taking the spatial momenta of the
external incoming (outgoing) particles, ~p (~p′), to be subleading with respect to their
mass, this contribution amounts to
4iλm2
N |~p− ~p′|2 δ
j
i δ
l
k , (2)
where δ-factors concern flavor indices, telling whether the scalars are Z’s or W ’s (i.e.
i = 1 correspond to Z and i = 2 corresponds to W ), and the explicit dependence on
the color indices has been suppressed. The explicit expression of the resulting potential
between two particles, in the space of positions, reads of course
VCoulomb(~x− ~x′)jj′ii′ = −
λ
|~x− ~x′|δ
j
i δ
j′
i′ . (3)
Let us remind the fact that, even if the theory is confining, the reduction of the potential
to the Coulombic one in the non-relativistic limit is a very general phenomenon, in the
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large N limit [10] as in QCD [11]. It is due to the energy regime considered. As said, we
work at an energy scale E ≫ ΛYM . This means that we probe short distances compared
to the inverse dynamical scale, so the linear behavior of the confining potential is not
relevant and one is left just with the short distance Coulomb factor. In other words,
at very high energy the non-perturbative effects driving the linear confinement are not
the main contributions to the potential.
The second contribution to the hadron dynamics is the quartic coupling of two
adjacent scalars. These interactions are point-like, with the space-time contribution
being just constant while the flavor one coincides with the equivalent of N = 4 SYM
[6] (again suppressing the color dependence),
Vquartic(~x− ~x′)jj′ii′ =
λ
(2m)2
δ3(~x− ~x′)(δji δj
′
i′ − 2δj
′
i δ
j
i′) . (4)
In order to simplify notation, we have omitted the precise color structure in (3) and
(4) since, as it is discussed in the appendix, in the large N limit it will not play any
role in the effective Hamiltonian for the states we are interested in (see (7) below).
3 Hadron masses from a spin chain
We start by discussing more in detail the hadronic bound states we want to study and
some general features of the effective theory that should describe them.
In the asymptotically free region each ΦA is associated with a creation operator
αA(k)
† = αaA(k)
†ta , where {ta} are a basis of hermitian matrices for u(N). A generic
(non-normalized) colorful state built up of J components can be obtained by acting
on the vacuum
|k1, A1, a1; . . . ; kJ , AJ , aJ〉 = αa1A1(k1)† · · ·αaJAJ (kJ)†|0〉 . (5)
Among all the previous states, nature dictates that hadron must be colorless, and hence
the physical spectrum must only contain the latter type. Tracing out the color operator
we obtain an effective theory of colorless particles characterized by their momenta and
flavors. The reduced Hilbert space HHadrons is generated by states of the form given by
||k1, A1; . . . ; kJ , AJ〉〉 = NTr(ta1 · · · taJ )|k1, A1, a1; . . . ; kJ , AJ , aJ〉 , (6)
where N is the appropriate normalization constant. Note that, even if the states (5)
(and then (6)) are by construction totally symmetric under the “exchange” of two
elementary colored constituents, the hadronic states (6) are not totally symmetric
under the exchange of the effective colorless particles as in the case of a spin chain.
This difference can be traced back to the identification of these kind of hadrons with
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operators of the form Tr[ΦA1 · · ·ΦAJ ](x). Obviously, any reordering in the constituents,
except for cyclicity, corresponds to a different hadron. Notice also that the spin chain
under consideration is closed, an unavoidable requirement to map the solution of the
mass spectrum to the diagonalization of a spin 1
2
ferromagnetic Heisenberg chain.
As a consequence of this discussion, in the final effective quantum mechanical system
for the colorless hadrons, the effective colorless constituent particles are distinguishable,
just like in an ordinary chain of harmonic oscillators, and like the states (6) the resulting
effective Hamiltonian is required to respect only the cyclic symmetry.
Before proceeding it is worth to bear in mind that the theory under inspection is
not conformal invariant and that we must pay special attention to the stability of the
would-be hadrons under consideration. In order to discuss this problem, let us stress
that we will eventually focus our attention to hadronic states associated to operators
of the form Tr[ZZWZWWWZ....](x). These operators will contain J1 fields Z and J2
fields W (J ≡ J1 + J2), where Z (W ) is charged under the first (second) U(1) factor
inside the flavor SO(4) symmetry group.
Let us recall that, being the theory a non-supersymmetric circle reduction of a 5d
SYM, in 4d one expects a whole bunch of interaction terms of the scalars above. But,
to begin with, the fermion mass mF can be tuned to make it heavy enough to be
integrated out in external legs. As a consequence one can not obtain any hadron
decaying to another species plus some fermionic states. As already mentioned, it is
precisely the fermionic radiative corrections that are responsible for the existence of
mass for our scalars. This fact can lead to a next-to-leading scalar mixing operators,
signaling the non-fermionic decay of the hadrons into other hadronic species. One can
verify that up to including one-loop graphs the fermion contribution to any bosonic
scalar mixing operator is vanishing. Thus the mass matrix of the scalars is still diagonal
in the original basis.
Moreover, the mixing of the zero modes of the scalars under consideration with the
other KK modes is suppressed, since the former get mass at loops –we are assuming
the coupling very small–, while the latter have a large tree-level mass. Contributions
to interactions between the scalars other that gluon exchange and the quartic vertex
either are of higher order in λ or are suppressed by mass factors 1/mF . We can argue
that the dimensional reduction does not affect the 5d SU(2)R symmetry among the two
complex scalars constituent of the hadrons. One can thus see that the operators with
only Z and W insertions mix only among themselves, for symmetry reasons, in the
non-relativistic limit. For example, one cannot generate extra uncharged Z/Z¯ pairs
for energetic reasons, and by charge conservation the number of Z and W must be
conserved. This rules out the mixing with the other two real “light” scalars present in
the theory, that are uncharged with respect to SU(2)R.
Once the stability issue is under control, we must consider the question of statistics.
7
According to our previous discussion the resulting hadrons will not present a symmet-
ric wave function with respect to the exchange of constituent particles. Only cyclic
permutations will enjoy this condition.
Another delicate point is that without any further input the perturbative theory
derived from (1) becomes intractable even at tree level. To appreciate the problem,
one may look at the lowest perturbative correction to the free propagation of a J scalar
state where one of the constituents is coupled to the other (J − 1). Note however that
nothing of this sort occurs in the large N limit, where there are, on the contrary, some
drastic simplifications due to the fact that each constituent just interacts with its two
nearest neighbors, being the rest of the interactions subleading.
From the discussion presented in the previous section and formulae (3), (4), we can
now write the effective Hamiltonian describing the hadrons we are interested in. In
(3) and (4) we have omitted the explicit color dependence, that is discussed in detail
in the appendix, where it is also shown how the large N limit considerably simplifies
the form of the effective Hamiltonian for the states (6). The net effect is that, at the
leading order in 1/N , the only surviving interactions are between two neighborhood
effective colorless particles in the chains constituting the states (6). These interactions
have exactly the form (3) and (4). Thus, the effective Hamiltonian’s matrix elements
between two hadronic states with flavors (i1, . . . , iJ) and (j1, . . . , jJ) are given by (for
a comparison with the study of baryons at large N , see equations (13) and (15) of ref.
[10])
Hj1...jJi1...iJ =
J∑
I=1
δj1i1 · · · δjI−1iI−1 δjI+2iI+2 · · · δjJiJ
[
δjIiI δ
jI+1
iI+1
(
m− ∇
2
~xI
2m
− λ|~xI − ~xI+1|
)
+
λ
(2m)2
δ3(~xI − ~xI+1)(δjIiI δjI+1iI+1 − 2δjI+1iI δjIiI+1)
]
. (7)
These are just the matrix elements, on our states, of the Hamiltonian that includes the
mass, kinetic terms and Coulomb interaction (3), all diagonal in the flavors, and the
point-like interaction (4), that has a non-trivial flavor structure.
Notice that we do not deal here with any sort of Hartree approximation, where each
scalar would have experienced an average potential, but instead the nearest neighbor
particles screen the effect of the rest. Roughly speaking, unlike the mean field theory,
the energy of a particular scalar is very sensitive to the actual position of its nearest
relatives. This sensitivity can only be smoothed in the large N limit. The above
expression, (7), can be rewritten in a more compact form by introducing the flavor
Hilbert space (C2)⊗J with the following permutation operator acting on C2 ⊗ C2 , P :
|a〉 ⊗ |b〉 7→ |b〉 ⊗ |a〉 ,
H = H0 + 2λ
(2m)2
J∑
I=1
(1− PI,I+1)δ3(~xI − ~xI+1) , (8)
8
where we have defined H0 as an operator containing just the space dependence
H0 = Jm+
J∑
I=1
[
−∇
2
~xI
2m
− λ|~xI − ~xI+1| −
λ
(2m)2
δ3(~xI − ~xI+1)
]
. (9)
As one might have guessed, in the heavy mass limit, flavor interactions are subdomi-
nant. But as we depart from this limit they ought to be included.
Note that in the spin-chain derivation in the N = 4 SYM case [6] the whole Hamil-
tonian is proportional to the (1 − P ) factor, the latter coming out in its precise form
from some crucial cancellations between the gluon exchange terms, the quartic cou-
pling and self-energy and wave-function renormalization terms. In the present case the
(1−P ) factor comes out in a different way: there are no self-energy and wave-function
renormalization terms and it is only when considering the flavor dependent energy
excitations above the spatial excitations given by (9), that the (1− P ) factor appears.
The next step is to find the ground state hadron. From the Hamiltonian (8) it is
clear that the flavor structure of the ground state is composed of a single flavor, the
same for all the J components. As a consequence the action of PI,I+1 on such a state
will coincide with the identity operator and allows to identify the energy of the ground
state as given by H0, (9).
Now, our main goal is to find the dependence of the mass spectrum on the flavor
degrees of freedom. As usual in theories in the non-relativistic limit, the spatial δ
factors can be considered as perturbations. Thus, the flavor dependence is encoded
in the Hamiltonian above as a perturbation of the Hamiltonian H0, and triggers the
splitting in the energy levels of the latter in the flavor Hilbert space. In other words,
we are going to measure the deviation in energy in our hadrons, due to their flavor
structure, with respect to a given spatial mass level, the latter being naturally the
“single flavor” ground state. Thus, using standard perturbation theory, the many-
body wave function for the time independent Schro¨dinger equation can be written
as
|Ψ〉 = |φ(~x1, ~x2, ..., ~xJ)〉 ⊗ |f〉 , |f〉 ∈ (C2)⊗J , (10)
with the proper normalized particle wave function and |φ(~x1, ~x2, ..., ~xJ)〉 referring to
the coordinate dependent part of the wave function for the ground state obtained from
H0. Considering the transition between two such states we have
〈Ψ′|H|Ψ〉 = E0δf ′f + λ
2m2
J∑
I=1
〈φ|δ3(~xI − ~xI+1)|φ〉〈f ′|(1− PI,I+1)|f〉 . (11)
Due to the symmetry of the ground state, the matrix element A(λ) = 〈φ|δ3(~xI −
~xI+1)|φ〉 will not depend on the index I, thus leading to
〈Ψ′|H|Ψ〉 = E0δf ′f + λA(λ)
2m2
J∑
I=1
〈f ′|(1− PI,I+1)|f〉 . (12)
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The first term on the right hand side of (12) is just the renormalized mass of the ground
state hadron, that we can write as E0 = meff (λ)J (where meff (λ) ≃ m+O(λ)), and
comes from each particle constituting the hadron and their spatial interactions. The
second term in (12) is the correction to the hadron mass due to its flavor structure.
We can write the operator giving the flavor dependent corrections to the ground state
in the form
∆Hred ≡ Hred −meff (λ)J = B(λ)
J∑
I=1
(1− PI,I+1) , (13)
where with the suffix “red” we mean that the operators act only on the reduced flavor
space, once the space part has been fixed to the ground state for the Hamiltonian
H0 (9); we have also introduced an overall factor B(λ) that in the non-relativistic
limit we are considering is given by λA(λ)/2m2. Equation (13) explicitly shows that
the spectrum for these states is effectively described by a flavor Hamiltonian that
corresponds exactly to the Heisenberg SU(2) spin chain!
The result (13) is relevant for two reasons. First, the spin-chain is integrable, al-
lowing to calculate the mass spectrum, at least in principle, with the Bethe ansatz
machinery. Second and most important, the long wave-length limit of this spin-chain
can be described by the same sigma-model that comes from the large J limit of the
string sigma-model on S3 [14]. As such, we find agreement at the level of sigma-model
in two very different regimes of the theory, the non-relativistic field theory one and
the string theory one, up to the undetermined B(λ) factor in front of the spin-chain
Hamiltonian, to be calculated. As a preliminary estimate, note that, for dimensional
reasons and making use of the hydrogen atom wave function one obtains B(λ) ∼ mλ4.
In the string description of these hadrons, the classical part of the energy/charge
relation is given by the above-mentioned sigma-model, with a precise prediction for
the overall factor B(λ) in the strong coupling limit. As we are going to review in the
following section, the first α′ corrections contribute, for the circular string configuration,
just with a overall factor, that we could identify with the mass renormalization. The
latter is of course very different in the field theory and string theory regime, but being
an overall factor it does not forbid to compare the remaining structure, namely the
sigma-model. All this suggests the possibility that in the whole SU(2) sector the α′
corrections could enter just as overall factors, permitting the matching in general.
4 The string theory side
We will now turn our attention to the supergravity side of the duality, discussing
the classical and α′-corrected energy/charge relation. In particular we focus again in
the four dimensional Witten model [12], studied in [4] (we refer to these papers for
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details). But similar conclusions has been reached within other setups [1, 2, 3] and can
be generalized to Witten-like models in any dimension.
The supergravity background of the model contains a four-sphere, whose SO(5)
symmetry is the flavor symmetry of five of the six real scalars of the dual gauge theory.
The two natural scales in the theory are given by the field theory string tension T
and the lowest Kaluza-Klein mass m20 . The UV ’t Hooft coupling λ is related to these
quantities by the formula λ = 6πT/m20.
The objects dual to the hadrons we have been studying are string states located
at the minimal radius [1] and spinning in the sphere directions of the metric. More
precisely, they are extended configurations spinning on an S3 inside the S4 with two
angular momenta J1, J2 (J ≡ J1 + J2). In order to deal with the relevant physical
region we need to restrict the parameter ranges: i) The ratio of the coupling with J
must be small, λ/J ≪ 1. This assumption is necessary in order to recover the sigma-
model from the spin chain [15]. ii) We must demand J ≪ N in order to be in the
planar regime [16]. This requirement is also consistent with that of being far away the
giant graviton regime J ∼ N .
Concerning the classical solutions for these states, the situation is analogous to the
one of strings spinning in AdS5×S5. For instance, at the minimal radius the metric is
just the one for R×S4 and the results reduce to those reviewed in [17]. Furthermore, as
already stressed, the classical sigma-model of a string with angular momenta J moving
just on the S3, matches, in the large-J limit, the action of the “continuous” limit of the
SU(2) spin-chain (13) [14], with an overall factor given by B(λ) = m0λ
2/9(16π) [4].
With respect to the FT estimate of the previous section one encounters a mismatch
in the power of the coupling, which is λ4 in FT and λ2 in string theory. This pattern
resembles the one found for the N = 4 theory in the evaluation of the difference,
computed in [7], between the conformal dimension and the spin of a particular class of
operators; this difference is proportional to the logarithm of the spin, multiplied by a
factor of the coupling which is λ in FT and
√
λ in the string calculation.
Returning to our background, in the SU(2) sector in the large-J limit the circular
string configurations satisfy the relation [17, 4]
Ec = m0J
[
1 +
λ2
18J2
(
n21
J1
J
+ n22
J2
J
)
+ . . .
]
, (14)
where ni refers to the string winding numbers, which must encode the internal structure
of the hadron in the string theory side.
There are two remarkable facts that distinguish (14) from the corresponding AdS5×
S5 expression: i) The effective coupling constant is λ2/J2 instead of λ/J2, a difference
that can be traced back to the interplay between the metric with the RR four-form
instead of the five-form [1]. ii) The α′ corrections are non-subleading, even in the
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large-J limit. At leading order these corrections to the lowest state fit
E1 ∼ m0J
[
− c
λ
+ . . .
]
, (15)
being c some positive number [2, 4] (c = 45
8
log 4
3
in this model). Expression (14) is
functionally equivalent to a particular solution of the sigma-model associated to (13)
provided the correction in (15) is interpreted as the stringy equivalent of mass renor-
malization in FT. The comparison of the latter cannot be performed, since as we lower
the coupling λ the semi-classical string approach breaks down as is signaled by the pole
developed in (15). Once more, the crucial point is that despite this fact, the remaining
structure in (14) matches the one in FT.
It is straightforward to generalize this discussion to other Witten-like models. For
example, we can obtain a 1+1 YM-theory coupled to KK modes by wrapping D2 branes
on a supersymmetry-breaking cycle [18]. Before wrapping, the D2 theory contains
seven massless scalars transforming under SO(7), and their corresponding fermions.
Without imposing anti-periodic boundary conditions, at low energy we recover the
field content of a supersymmetric YM1+1 theory. Instead, with anti-periodic boundary
conditions, and since the fermions acquire a mass proportional to the inverse radius of
compactification while the bosons get mass at loop level, we have a non-supersymmetric
field theory. It contains, besides the usual YM sector and at the first Kaluza-Klein
excitation level, seven massive scalars together with another massive scalar coming
from the field theory living on the circle, and their fermionic cousins, all the fields
transforming in the adjoint of SU(N).
From the gravity side the field components of the ten-dimensional background in
the string frame, metric, dilaton field and a constant six-form field strength, read
ds2 =
u5/2
Λ1/2
(−dt2 + dx2 + ΛR2h(u)dθ2) + Λ
1/2
u5/2
du2
h(u)
+
Λ1/2
u1/2
dΩ26 ,
eΦ =
Λ1/4
u5/4
, F6 = 5Λω6 , (16)
with
h(r) = 1− u
5
0
u5
, R =
2
5
u
−3/2
0 , Λ = 6π
2g23N . (17)
The radial coordinate, u, ranges inside [u0,∞), θ is an angle, Ω6 refers to the unit
six-sphere and ω6 to the volume-form of the transverse S
6 . The normalization of F6
guarantees that the quantization condition
∫
S6 F6 = 32π
5N is full filled. Moreover we
have neglected in the above expressions all the factors of gs and set α
′ = 1 . Then with
this convention the three-dimensional coupling is normalized to the unity, g3 = 1.
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The running YM coupling can be obtained, as usual, from the DBI action for a
D2-brane wrapped on the θ angle on the background above
1
g2YM(u)
=
1
2
∫
dθe−Φ
√
gθθ
g00
=
2π
5
Λ1/2
u
3/2
0
√
1− u
5
0
u5
. (18)
The coupling thus blows up in the IR region u → u0 and it reaches a constant value
in the UV u → ∞, analogously to what happens in the 4d Witten model [12] . The
corresponding UV value of the ’t Hooft coupling can be easily expressed as
λ ≡ g2YMN =
5
12π3
Λ1/2u
3/2
0 , (19)
from which it follows that
λm0 =
5
12π3
u30;
λ
m0
=
5
12π3
Λ; χ ≡
(12π3
5
)1/3 λ1/3
m
2/3
0
=
( Λ
u0
)1/2
. (20)
The two natural scales in the theory are given by the brane tension T ∼ u5/20 /Λ1/2
and the lowest Kaluza-Klein mass m20 ∼ u30/Λ . The χ coupling is given by the natural
dimensionless ratio of the UV ’t Hooft coupling λ, that have mass dimension two, and
the KK mass scale m0.
Our hadrons are dual to extended strings spinning on a six-sphere with three angular
momenta, so formula (14) is formally the same but with one charge more. In order to
verify (15) in this 2d model we can as usual focus on the PP-wave limit of (16), as the
first α′ correction for the circular string is the same as the zero point energy in that
limit [2, 4]. Since we are interested in the IR regime, it is convenient to introduce the
variable u2 = (r − r0)/r0 to obtain the expansion to the second order of the metric as
ds2 =
r
5/2
0
Λ1/2
(1 +
5
2
u2)(−dt2 + dx2) + 4Λ
1/2u2
5r
1/2
0
dθ2 +
4Λ1/2
5r
1/2
0
du2 +
Λ1/2
r
1/2
0
(1− u
2
2
)dΩ26 .
(21)
We can put this metric in a more convenient form by further defining u2dθ2 + du2 ≡
2(dY 21 + dY
2
2 ) and (X, T ) ≡ (m0x, m0t). We get
ds2 ∼ χ[(1 + 5Y 21 + 5Y 22 )(−dT 2 + dX2) +
8
5
(dY 21 + dY
2
2 ) + (1− Y 21 − Y 22 )dΩ26] . (22)
We will use the following parameterization for the six-sphere
dΩ26 = dψ
2
1+cos
2 ψ1
[
dψ22 + cos
2 ψ2[dψ
2
3 + cos
2 ψ3
(
dψ24 + cos
2 ψ4(dψ
2
5 + cos
2 ψ5dψ
2
6)
)
]
]
.
(23)
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The null geodesic on the maximal circle is determined by the following conditions on
the coordinates: t = ψ6 , x
i = u = ψi = θ = 0 (i = 1, . . . , 5) . As usual we rescale the
coordinates and perform the L→∞ limit while keeping the lowest Kaluza-Klein mass
scale, m0 fixed to obtain the parallel plane-wave metric
ds2 = −4dx+dx− −m20
(
v2i +
15
4
ww¯
)
dx+dx+ + dxdx+ dwdw¯ + dvidvi , (24)
where x+ = t, x− = L
2
2
(t − ψ6/m0), the vi directions are the rescaled remaining ψi
coordinates of the six-sphere and the (w, w¯) coordinates are the rescaled r, θ ones.
From (24) one infers that the spectrum of the string theory on this background is
composed by: i) a single massless world-sheet mode, x, giving a tower of states of
frequencies ωn = n; ii) five massive modes, vi, of frequencies ω
2
n = n
2 + m2; iii) two
w modes of frequencies ω2n = n
2 + 15
4
m2. As for the fermionic modes concerns, taking
into account the RR-form in their equations of motion, one gets eight massive modes
of frequencies ω2n = n
2 + 25
16
m2. To ascertain the correctness of these results one can
check that the Einstein equation for (16) in the pp-wave limit is exactly the same as
the mass-matching condition
∑
bosonsm
2
b =
∑
fermionsm
2
f =
25
2
m2, ensuring finiteness of
the theory and absence of Weyl anomaly at one loop. All in all, these results contribute
to the vacuum energy of the theory as
E1 =
m0
2m
+∞∑
n=−∞

n + 5√n2 +m2 + 2
√
n2 +
15
4
m2 − 8
√
n2 +
25
16
m2

 , (25)
whose limit for large m gives
E1 ∼ −m0m
4
[
15
2
log
15
4
− 25 log 5
4
] ∼ −1.1m0m. (26)
This is the first α′ correction to the classical relation Ec = m0J and has in fact the
expected form (15), as m = m0p
+ = m20J/L
2 = J/χ.
An interesting difference with the 4d model is in the power of the (dimensionless)
coupling that appears in (14), that now is 2/3 instead of 2. It would be interesting
to calculate the corresponding factors of the coupling in the QFT side, but this is an
extremely complicated problem, even in this two dimensional system.
5 Summary
In this note we have studied the mass spectrum of hadrons composed by many massive
particles created by two complex scalar operators in the adjoint representation, in a
particular YM theory. We have shown that in the non-relativistic limit the flavor
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dependence of the spectrum is encoded in an integrable SU(2) spin-chain. The simple
observation made in this note allows one to attempt to engineer an effective theory
whose first excited states follow from a spin chain. It should be stressed at this point
that integrability does not extend to the full Hamiltonian obtained from (1) but only
to a sub-sector of operators. One can interpret this integrability of the scalar sector
as a remnant of the one in N = 4 [6]. Notice that these states share the same JP
quantum numbers and relate points in different Chew-Frautschi trajectories.
The final picture is achieved by comparing the mass obtained in field theory with its
stringy parallel. In both case we have two terms. The first overall term corresponds to
the renormalization of the single scalar mass, also due to the spatial interaction with
the other scalars in the hadron. In the string picture it is included in the value of m0,
corrected by the α′ contributions (15), while in QFT it is the meff factor in (13). The
second term is a shift to the mass of the hadron due to its internal flavor structure. In
field theory it is given by the spin-chain in (13) and, in the long wave-length limit, by
a sigma model. In string theory, it is given by the same sigma model, showing up as
the limit of the classical string sigma model on the three-sphere [14] (expression (14)
comes from a particular solution).
We expect this matching to be “universal” and to apply to all the models akin to
the one in [12], in any dimensions. Moreover, being the presence of a three-sphere
in the IR region of 4d confining backgrounds in type IIB, and of the corresponding
complex scalars in the dual field theory, common to other models, we expect our
results to be true in those settings too. For example, we could envisage that in all
the wrapped-brane models the matching should work as well. It would be interesting
to check this statement. Note that the construction does not depend neither on the
details of the field theory, nor on the compactness or not of its spatial dimensions.
The only ingredients used in the derivation, apart from the non-relativistic limit, are
the existence of a confining potential and of two complex massive scalars. This fact
reflects the “universality” of the dual string theory description of these hadrons, that
only requires a R× S3 sigma model in the IR of a confining background.
Finally, let us stress that the power of the coupling in (14) is related to the quantity
B(λ) in (13). At this point this constant can be found on numerical grounds or empir-
ically estimated, even though for some simple potentials there is an analytic solution
[19]. It would be very useful to derive it in a rigorous way.
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Appendix: Color structure and large N limit
In this appendix we would like to discuss more in detail the color structure entering the
interaction terms (3) and (4), and how in the large N limit the effective Hamiltonian
takes the simplified chain-like form (7) at the leading order.
To this aim, it is useful to adopt the ’t Hooft’s double index notation for the ele-
mentary (colorful) states forming the multi-particle states (6). Thus, a single particle
state will be indicated synthetically with |i, αβ¯〉 (suppressing the position dependence),
where αβ¯ denote the color indexes (that is related to the base |a〉 used in section 3
by |αβ¯〉 = ∑a(ta)αβ¯|a〉) and we have restricted ourselves to the SU(2) flavor indices
i, j, . . . Thus, if V jj
′
ii′ = V
jj′
ii′,Coulomb + V
jj′
ii′,quartic, the color dependent matrix element of
the potential Vˆ between two-particle states of the form |i1, α1β¯1〉 ⊗ |i2, α2β¯2〉 is given
by
Vˆ j1j2;γ1δ¯1,γ2δ¯2
i1i2;α1β¯1,α2β¯2
=
1
N
δγ1α1δ
δ¯1γ2δβ¯1α2δ
δ¯2
β¯2
× V j1j2i1i2 . (27)
In ’t Hooft’s double index notation, a colorless state of the kind (6), again restricting
to SU(2) indeces, takes the form
||ψ1, i1; . . . ;ψJ , iJ〉〉 = N
∑
α1,...,αJ
|ψ1, i1, α1α¯2;ψ2, i2, α2α¯3; . . . ;ψJ , iJ , αJ α¯1〉 , (28)
where, in the large N limit, N goes like N ∼ 1/
√
NJ . The matrix element of the total
effective potential for the states (28) is thus schematically given by
(Vtot)
j1,...,jJ
i1,...,iJ =
N 2
N
∑
α1,...,αJ
∑
β1,...,βJ
∑
1≤r≤s≤J
δβ1α1δ
β¯2
α¯2δ
β2
α2 · · · δβrαrδβ¯r+1βsδα¯r+1αsδβr+2αr+2 · · · δβ¯sα¯sδβ¯
s+1
α¯s+1 · · ·
· · · δβJαJ δβ¯1α¯1δj1i1 · · · δjr−1ir−1 δjr+1ir+1 · · · δjs−1is−1 δjs+1is+1 · · · δjJiJ V jrjsiris , (29)
and one can easily realize that in the large N limit it becomes
(Vtot)
j1,...,jJ
i1,...,iJ
=
∑
1≤r≤J
δj1i1 · · · δjr−1ir−1 δjr+2ir+2 · · · δjJiJ V jrjr+1irir+1 +O(1/N2) . (30)
We thus recover a chain-like interaction between the effective colorless particles and
thus the resulting effective Hamiltonian in the large N -limit is given by (7).
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